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Abstract 

In the absence of the QCD penguin contributions a measurement of the time- 
dependent asymmetry in the decay B°(t) — ► 7r + 7r~ gives directly the weak an- 
gle a. Several bounds have been proposed in the literature on the magnitude 
of the penguin effects on this determination, the prototype of which is the 
isospin bound of Grossman and Quinn. We point out that large strong final 
state interactions could cause these bounds to overestimate the real penguin 
effect. A new flavor SU(3) bound is proposed, requiring only the charge- 
averaged branching ratios for B° —* 7r + 7r~ and B s —* K + K~, which exactly 
takes into account all relevant amplitudes and electroweak penguin effects. 
This bound on the penguin-induced error on the determination of the weak 
phase a holds even without a knowledge of the direct CP asymmetry in the 
7r + 7r - channel. 
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1. The determination of the weak angle a from time-dependent measurements of the 
decay B°(t) — > 7i + tt^ is afflicted with theoretical uncertainties due to the penguin contam- 
ination (see e.g. MM )■ In principle this uncertainty can be resolved through the isospin 
construction of Gronau and London J3|, which involves measuring the separate rates for 

and its charge-conjugate. Unfortunately, experimental difficulties with tagging 
decay modes of neutral B mesons into 7r°7r° will limit the precision of this method ||. 

Several other approaches have been proposed to circumvent this problem H. Recently 
Grossman and Quinn || presented a simple method for bounding the effect of the penguins 
on the determination of a, using only the charge-averaged rate for B° — >• 7r°7r° (and B ± — > 
7r ± 7T°), which would be easier to measure than the separate rates for B° and B°. This 
bound has been improved in [0], where yet another isospin bound has been proposed. In 
addition, the paper J7J presents several bounds based on flavor SU(3) symmetry, together 
with dynamical assumptions about the size of certain OZI-suppressed penguin contributions. 
While less rigorous, these bounds turn out to be more informative than the isospin bounds 
when combined with recent CLEO data onB-> decays. 

In this note we point out that the isospin bounds of Grossman-Quinn |J and Charles 
are only likely to offer useful information on the penguin contamination if the tree-level 
contributions to the B° — ► 7r°7r° amplitude are small. Unfortunately, they are not necessarily 
so and can conceivably be enhanced by final state interactions ||. This raises the concern 
that the resulting bounds might have little bearing on the size of the penguin contamination 
and measure instead the size of the rescattering effects. We present an improved bound 
which takes into account all relevant amplitudes and is based only on flavor SU(3) symmetry. 
This bound requires only the time-independent charge-averaged rates for B° — > 7r + 7r~ and 
B s — > K + K~ , which are easier to measure than the rate into two neutral pions. At the same 
time, the theoretical status of this bound is cleaner than that of the other SU(3) bounds 
proposed in 0. 

2. The angle a can be measured from the time-dependence of the CP- asymmetry 

|(7r+7r-|B (t))| 2 -|(7r+7r-|g°(t))| 2 

+ ~ { ' |(7T + 7T-|5 (t))| 2 + |(7T + 7r-|5°(t))| 2 

= adir cos(Amt) + Jl — a 2 Ah sin (2a + 29) sin(Amt) , (1) 

where Am is the mass difference of the eigenstates of the B° — B° system. (See for 
an alternative determination.) The strength of the direct CP violation in B° — > 7r + 7r~ is 
measured by the parameter 
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Using the notations of [|T(J the amplitudes A + and A + are written as follows in terms of 
graphical SU(3) amplitudes 

A + - = A(B° -> 7T + 7T-) 

= + E + P UC + PA UC + P* w ) - lAJV^et + PA ct + Pf t w ) (3) 

A + - = A(B° -> 7T + 7T-) 

= -\xW\e*r(T + E + P UC + PA UC + P™) - |A^|e^(P ct + PA ct + Pf t w ) . (4) 
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The angle 9 appearing in ([]]) is given by 29 = Arg(A H /A + ~), with A + ~ = e 2n A + ~. One 
can see that, in the absence of the second terms in @, (|) (no penguin contamination), this 
angle vanishes and a can be simply extracted from the sin(Amt) part of the CP-asymmetry 
(H). Our problem in the following will be to set an upper bound on the angle 9. 

Starting from the graphical construction of Gronau and London || , Grossman and Quinn 
derived the following upper bound on 9 

8111 9 ~ " < B (B± 7r*7r°) > ( 5 ) 

where the angular brackets stand for flavor-averaged decay rates. We will briefly review in 
the following their argument. 

The angle 9 can be determined from the isospin triangles (the decay amplitudes are 
identified by the charge of the two pions in the final state) || 

A + - + V2A 00 = V2A +0 , A + - + V2A 00 = V2A-° . (6) 



Furthermore, neglecting small (and calculable) electroweak penguin contributions P,10 



one 



has the equality A +0 = A~°. This fixes the relative orientation of the two isospin triangles, 
such that the angle 29 between A + ~ and A + ~ can be directly extracted from a knowledge 
of the rates for the 5 processes in (|6]). There are discrete ambiguities in this determination, 
corresponding to the freedom of drawing the two triangles @ on the same or on opposite 
sides of the common side A +0 . The maximal value of 9 corresponds, obviously, to the latter 
possibility, which will be implicitly understood in the following. 

Let us keep first |v4 00 |, |yl 00 | and \A +0 \ fixed. Simple geometrical considerations show 
that the angle 29 =Arg(A + ~ /A + ~) is maximized when each of 9\ =Arg(v4 + ~/v4 +0 ) and 
9 2 =Arg(A +0 / A + ~) are separately maximized. Their respective maximum values are given 
by sin(6'i) max = |A 00 |/|A +0 | and sm(9 2 ) mSkX = \A°°\/\A +0 \. Next, one must find the maximum 
value of 29 = 9 1 + 9 2 for all values of \A 00 \, \A 00 \ such that |A 00 | 2 + |i 00 | 2 = (|A 00 | 2 ) is fixed. 
The extremum value of 9 is easily found as 



min(cos(2#)) = min 



\A™\ 2 \ ( |i 00 | 2 \ \A m \ |i 00 | 



mm 



\ V \A+°\ 2 J V \A+°\ 2 J \A+°\ 
{ \A - 2JW +*-x), x = ^ (7) 



with the constraint 



| A 00|2 |^00|2 



\A+°\ 2 \A +0 \ 2 



The function f(x) = yl — a 2 + x 2 — x is uniformly decreasing such that the minimum of the 
expression (|7|) is attained for the maximum allowed value of x compatible with the constraint 
(|). This is reached at x — R n o n o and corresponds to the case \A 00 \ = \A 00 \, or 9\ = 9 2 = 9, 
which justifies the inequality (|5|). 

This bound has been improved in ]7| under the assumption that the direct CP asymmetry 
<2di r in B° — > 7T + 7r _ is known: 
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, . I < B(B° -> ttV) > \ 
cos (29 max ) = 1 - 2 p ; p+ — ^— . 9 

Another isospin bound has been given in 0, in terms of the ratio B(B° — > 7r°7r°)/B(.B — > 

7T + 7T~). 

How effective can one expect these results to be in controlling the penguin effect in @, 
(U)? The isospin bounds are formulated in terms of the amplitude of the decay B° — > 7r°7r° 
relative to A(B ± — > 7r ± 7r ) (or A(B° — > 7r + 7r~)). However, an examination of the former 
amplitude shows that it contains several components as well, in addition to the penguin 

V2A 00 = V2A(B° - ttV) = -|Af |e^(C -E-P uc - PA UC ) + \\ { t d) \e-^(P ct + PA ct ) (10) 
V2A +0 ee ^(5° -> tt+tt ) = -|Af |e i7 (T + C) . (11) 

The small contributions of electroweak penguins was neglected here. The amplitude flTU| ) 
satisfies the triangle inequality |(— C+E)+(P+PA)\ > \P+PA\ — \C—E\, where we assumed 
that the penguin amplitude dominates over the tree contribution C — E. This inequality is 
easily translated into an upper bound on the magnitude of the penguin amplitude P + PA, 
which is the essence of the Grossman- Quinn bound. However, this bound will only be useful 
if the amplitude flID"D is indeed dominated by the penguin amplitude. If this is not the case, 
the bound will measure instead the size of the amplitude C — E and will have little bearing 
on the penguin contribution. 

From (|T0|) one can see that, even if the penguin contribution vanished, the ratio R n o n o 
would not vanish together with it, but would take a finite value of the order \(C — E)/(T + 
C)\ 2 . Naive arguments based on the factorization approximation suggest that this ratio is 
small, of the order R n o n o ~ (0.2) 2 [11], which implies values for 9 around 11°. However, 



rescattering effects can shift the precise numerical value through the exchange amplitude E 
H in an unknown direction. The potentially large value of the ratio | (C — E)/ (T + C)\ 2 
could therefore diminish the usefulness of the bound (|5p. We stress that even in this case 
the bound will continue to hold; however, it will most likely overestimate the real penguin 
effectQ. 

3. The magnitude of the angle 9 is closely related to the ratio of the components of 
different weak phases in the amplitude A + ~ (A + ~): 

A + - oc e i7 + re** , A + - oc e i7 + re i{li>+2l) . (12) 

We made use of the unitarity of the CKM matrix to write A$ = — A^ — A^. Explicitly, 
the parameters r, <p are given by 



Pet + PA ct + P c f w 

R b (l - A 2 /2) (T + E + P uc + PA UC + P*w) - (P ct + PA ct + P™ ' 



° d / 1 \2 /n\ frr i tt. , n , n a , dKI1'\ id , n a , nEW\ ' V x <-V 



1 A different source of corrections to the Grossman-Quinn bound is due to isospin breaking effects. 



They were studied in |17[ and shown to the rather small. 
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We denoted here as usual Rb = l/X\V u b/V c b\ with A = 0.22 one of the Wolfenstein parameters. 

We will show now that very useful constraints on r and ultimately on 9 can be obtained 
from a consideration of the AS = 1 decay B s — > K + K~ . This is the main B s decay mode 
with an expected branching ratio at the (9(10 -5 ) level which will be easily measured at the 
hadronic machines. Its decay amplitude is given by 

A(B S - K + K-) = -|A(^(T + E + P uc + PA UC + P™) - \{ s \P ct + PA ct + P c f w ) . (14) 



In the limit of SU(3) symmetry, exactly the same amplitudes enter both (|3|) and (|I4"D. This 
fact can be used to constrain the ratio of the two amplitudes with different weak phase, in 
analogy to a similar bound on the annihilation amplitude in B — > K ^ [|T2|JT~3| , [T~5[] . In the 



normalization of fll2"D , the amplitudes for 5 S — > K + K and its charge conjugate are given 
by 



A^+k- oc AV 7 - ^re* , A K+K - oc AV 7 - l re i( * +27) . (15) 
A A 



We denote here and in the following A' = A/(l — A 2 /2). 

Let us introduce the ratio of charge-averaged decay rates 

_ (B(B S -> K±K*)) _ X ' 2 + ^ ~ 2r COS7COS0 
K+K ~ ~ (B(5° -> TrivrT)) ~ 1 + r 2 + 2r cos 7 cos0 ' (16) 

Varying 7 and (f) through all their possible values, one finds that the r parameter (the 
"penguin/tree" ratio) is constrained by the inequalities 



Rr+k- — A' _ \/ Rr+k- + A' 



= r 



j — ' mm — T — '"max — j i (^^) 

t; + V Rr+k- ^7 — y Rr+k- 

At first sight, the upper bound on r together with simple geometrical considerations (see 
Fig. |1|) would lead one to assume a similar bound on 9 given by sin^ < r max . In fact, due 
to a correlation in <ft between 9 and Rk+r-, the correct bound is more restrictive than this. 
To find it, let us fix 7 and vary <p (at fixed Rk+r-) such as to maximize 9. The maximum 
value of 9 is given by 

. a (u \ r(R K+K -,j) sin 7 

sinfl max (ifo +J r-,7) = (18) 

l + r 2 (R K+K -,j) T^r(R K + K -,j) cos 7 



where the upper (lower) sign corresponds to0< 7 <7r/2 (7r/2< 7 <7r), and is reached at 
= (71"). In this formula r = r(R K + K - is to be obtained from (|T6|) after substituting 
the correct value for <fr for each given value of 7, as explained above. 

Typical numerical results for # max (7) are shown in Fig. ^| for one value of Rk+r-- This 
angle reaches a maximum at two intermediate values of 7, symmetrical with respect to 90°, 
approaching this value in the limit of a large Rk+r- ■ The resulting bound, maximized over 
7, is shown in Fig. |2] as a function of the ratio Rk+k-] this is about a factor of two more 
restrictive than the naive bound sin^ma^ = r max . 
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The bound on 9 max (RK+K-) can be slightly improved if some information on 7 is avail- 
able. This would be possible provided that 7 can be restricted to a sufficiently narrow region 
around 90° (see Fig. |2|). The present constraint 0.54 < sin 2 7 < 1 from a global analysis of 
the unitarity triangle 0] is not restrictive enough to allow an improvement for any value 
of Rk+k-- 

The results obtained so far assume that the direct CP violation parameter a^a in ([]]) is 
known. We will show next that in fact they do not require the knowledge of this parameter, 
just as the bounds in ||[7|]. This is useful in practice since the error in the determination of 
ctdir will not propagate into the final error on a. We will prove in the following the stronger 
constraint 

sin(2a - 20 max ) < sin(2a + %j) - |2fl max - V>|) < yj 1 - a 2 dir sin(2a + 29) 

< sin(2a + + \29 max - < sin(2a + 2fl max ) , (19) 

for any value of a (not necessarily identical to the weak phase). The angle ^(7) is defined 
below in fl22"l) and we denoted with # max the value of |# max | maximized over all values of 7 
(plotted in Fig. 2 (right)). In this expression both adir and 9 are functions of the unknown 
strong phase 0, which is taken completely arbitrary in the interval (0, 2tt). In the notations 
of (|T2"D, the a dir parameter is given by 

2rsin7sin0 

fldir = 1,2,0 1 ' 20 

1 + r z + 2r cos 7 cos 

with t(Rk+k- ,7 ',</>) determined from fll6f) . The correlation between 9 and adir at fixed 
Rk+k- and 7 is made explicit by the following relation 

A' + i 

Rk+k- = — ^ { A' + - - vA " < [y ^s(29 - 2 7 ) + - cos(2£)] } - 1 . (21) 

This can be proven by expressing r 1 ^ in (|i~2"D in terms of A + ~,A~^ and substituting the 
result into (p!5|). From (|21| ) one finds the following very useful relation at fixed Rk+k- and 

7 

^l-a^cos^ - ^(7)) = Ct. = cos(2# max - ^(7)) (0 < Ct. < 1) , 

. A'sin(27) . „ s 

tan ^(7) = v " I . (22) 

A / cos(2 7 ) + - 

From this relation it is easy to read off the range of variation of the parameters 9 and adi r . The 
maximum value of 9 is reached for a dir = 0, and is given by 2# max = ±| arccos(Ct.)| + iplj). 
The sign of the arccos must be chosen opposite to that of '0(7) (such as to maximize |#|) 
which is in turn given by ^(7) > 0(< 0), for < 7 < tt/2 (tt/2 < 7 < tt). One obtains 
#max > 0(< 0) for these two cases respectively, in agreement with (|i~8|). From this relation it 
is also clear that \29 — "0(7)) I < 7r /2- 



We are now ready to prove the inequality stated in (0). This is easily done by writing 



Mir 



sin(2a + 29) = sin(2a + ip) cos(2# max - ip) + s] 1 - a 2 diT cos(2a + ip) sin(2^ - ip) (23) 
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and using — sin \ 29 D 



— a 



dir 



sin(26* — ip) < sin \29 iaax — tp\ in the second term. 



One notes from fl21|) that the bound on 9 can be improved if the direct CP asymmetry 
parameter a^n is known. One obtains in this case 



cos(26» max - V>(t)) 




(24) 



Furthermore, if in addition also the weak angle 7 is known, then the constraint on 9 turns into 
a determination of this angle. In practice however it is more likely that only a constraint will 
be available on the latter. We will not pursue this further and ask instead what constraints 
can be set on once the value of Rk+k- is measured. As already mentioned, the minimum 
value which can be taken by adir is (reached at 9 = 9 max , — 6* max + ip). The maximum value 
is reached at 9 = i/;(j)/2 and is given by 



Odir 



2 1 sin 7 1 



1 \ 2 

Rk+k-[\' + ^\ -{l + R K +K-fsn?l 
A' + — J -4 sin 2 7 



< 



1 A' 2 



IR 



K+K- 



A' + 



1 



(1+R 



K+K' 



(25) 



So far we neglected SU(3) breaking effects, which can be expected to dominate the 
theoretical error of this method. Some insight into the size of these effects can be obtained 
as follows. In the SU(3) limit the CP asymmetries in B° — > tt + tt~ and B s — > K + K~ are 
related in a simple way to the ratio Rk+k- 



a 



dir 



-R 



K+K- 



(26) 



Mir 



The amount of violation of this relation could be used as a measure of the SU(3) breaking 
effects in the bound on 9. 



4. We turn now to a numerical discussion of the bound on 9. In the flavor SU(3) and 
zero penguin limit, the ratio ([TB] ) takes the value [Rk+k-]o — A' 2 , which implies 9 mSLX ~ 2.9°. 
This is much more constraining, by almost a factor of four, than the naive estimate of the 
Grossman-Quinn bound @ taken in the same limit. 

The real question is, of course, how large the ratio Rk+k- can be in the presence of the 
penguin amplitude? A simple estimate may be given by assuming that the annihilation- 
topology penguin amplitude PA is negligible. Such an approximation can well turn out to 
be very wrong, as this amplitude can receive large strong interaction final state effects ||. 
Still, it is useful as a rough order of magnitude estimate. 

Neglecting furthermore the tree contribution in fll~4T ) and assuming flavor SU(3) symme- 
try, this amplitude can be related to the amplitude for — > K ^ for which preliminary 
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CLEO data is available. This gives \ A{B a -> K + K~)\ ~ -> A tt + )|, which translates 

into 

(B(B ± -> A ^)) , . 

^-- (B^^P 1 - 67 - 3 ' 5 ' < 27 > 

We used here the CLEO data -> A"°7r ± ) = (1.4 ± 0.5 ± 0.2) x 10^ 5 and 0.4 x 10^ 5 < 

B(B° -> 7r ± 7r T ) < 0.84 x 10" 5 (the lower bound on the latter is marginally compatible 
with the CLEO preliminary result B(B° -> 7r ± 7r T ) 2 . 9(7 = (0.37i£i?) x 10" 5 ). From Fig. | 
the result (|27|) implies an upper limit on 9 of 15 - 25°, which agrees with other estimates 
with a similar theoretical input (SU(3) symmetry and neglect of annihilation topologies). 
The maximum value of a&\ T corresponding to this range is adh = 0.55 — 0.76. 

Of course, it remains to be seen how the annihilation-topology penguin amplitude PA 
will modify this prediction. If its effect is a suppression of the ratio Rk+k- then the bound 
on 9 will be correspondingly tightened. 

To summarize the points of our discussion: 

(1) The bound (|I8D on 9 = a cS — a requires only the easily accessible B decay mode 
B s — > K + K~ . Furthermore, no tagging is required, as only charge-averaged rates enter this 
relation. The bound does not require the knowledge of the CP asymmetry parameter a&\ v . 

(2) No assumption beyond flavor SU(3) symmetry is required. In particular, electroweak 
penguin contributions and the annihilation-type penguin amplitude PA are taken into ac- 
count exactly. To our knowledge, aside from the isospin bounds ( 0, @), this is the only 
existing bound holding with these minimal assumptions. (A bound proposed in making 
use of the rate B(B° — > K°K°) assumes the vanishing of the penguins with internal charm 
quarks and neglects electroweak penguin effects.) 

(3) On the down side, the use of SU(3) symmetry introduces additional uncertainties in 
the bound on 9. Some control on the size of these effects could be obtained phenomenolog- 
ically from the violation of the SU(3) relation (|26|). 
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FIG. 1. Graphical representation of the amplitudes A + ~ ,A + ~ @, (f|). For given radius of 
the circle r ("penguin/ tree" ratio) the maximum value of 9 corresponds to the dotted line and is 
given by sin 9 mi 
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FIG. 2. Left: Plot of # max (7) [°] for fixed R K+K - = 0.2; the solid (dotted) line corresponds to 
= 7r (0). Right: mSk ^{R K + K ~) maximized over all values of 7, as a function of the ratio Rk+k~- 
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